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Effect System

. is a framework to statically estimate side-effects:
r-M:7&e

Access analysis [Lucassen&Gifford '88, etc.]
F=M:7 & {rd(p), wr(p)}
Communication analysis [Nielson&Nielson "96]
'EM:7 & rlint . 0+ s?bool . rlint . 0

Wadler integrated effects and monadic types:

[FM:7&e

- M:Tr =[TFM: Ter
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The Aim of this Research

A question posed in [Wadler '98]: }

What is the denotational semantics of Ter in general?

We tackle this question.

m A general effect system EFe/EFi and their
categorical semantics using graded monads

m A construction of graded monads by effect
observation

m Resolutions of graded monads
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Parameterisations of Monads

Generalised monad Lax functor to bicategory B[C, C]
[Fillatre '99] [Benabou '67]

converts to‘

Graded monad ona  dncl. Parametric monad [Mellies '12]

preordered monoid [K '14] Graded moand [Smirnov '08]
|
Polymonads [Guts et al. "14]
b

Productors on ¢ R Multifunctor from D to the
effectors [Tate '13] underlying multicategory of [C, C]
t t
Preorder-parametrisedc . Parameterised monad
monad [Atkey '09] [Atkey'09]
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Generalising Effects

In many papers,
m Effects are ordered: to compare the extent / scope
of effects.

m Effects are composable: to give the effect of the
sequential execution.

M: Ter, N: Teo=let xbe MinN:T(e-é€)o

The postulate on effects in this research
Effects form a preordered monoid.

E=(E, 5, 1€E, ():(E,5)?=(E X))

~)
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Effect System EFe

A calculus EFe for E = (E, <, 1, ) consists of:
m Type
Tio=b|Tt=71|Ter (b€ B,ecE)
m Explicit subeffecting rule
TEM:Ter e< ¢
FET(e<e,M): Ter

m Pure computation and sequential execution

r-=m:r [EM:Ter Tox:7EN:Teo

FE[M]:Tlr THlet®® xbe Min N: T(e-¢e)o

m Algebraic operation [c.f. Plotkin&Power| (omitted)
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Graded Monad [Smirnov '08]

A graded monad for E = (E, <,1,-) on a category C
consists of:

r: (E3) — [CC]
Tia - A — TIA (nat. on A)
Teeon : Te(TE€A) — T(e-€')A (nat. on e, €' A)
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Graded Monad [Smirnov '08]

A graded monad for E = (E, <,1,-) on a category C
consists of:

r:. (£3) = [CC]
Tia - A — T1A (nat. on A)
Teen o Te(TE€A) — T(e-€)A (nat. on e, €, A)

The generalised monad laws:

TeA Te(T1A) Te(Te'(Te"A)) —— Te(T (e - €")A)
Tl(lTeA)\ TiA T(e- e’l)(Te”A) —T(e- el’ -e”")A

(This is different from making Te a monad for each e € E.)
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Graded Monad [Smirnov '08]

Parametric effect monad —, Graded monad

A graded ring R comes with an N-indexed family R; of
abelian groups such that

RiR; € Rivj, R= EB R
Such a family R; forms a lax monoidal functor

R:(N,0,+) — (Ab,l,®)
Graded monad is a lax monoidal functor

T E— ([C,C],1d,0)
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Graded Writer Monad

Consider the preordered monoid of languages over X:
E = (P(X"),<,{€},*) (% language concat.)

Graded Writer Monad:
T : (P(X¥),<) — [Set, Set]
TeA = ex A

Tia @ A= T{e}A
TlA = JAa. (e,a)

Teen : Te(TeA) = T(exe)A
Te,e’,A - )\(57 (Slaa)) : (55/7 a)
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Graded State and Continuation Monads

E=(E <, 1,9) preordered monoid
S:(E,<) — Set any functor

The following end is a graded monad for [E on Set:

SeA — / Sd = (A x S(d- e))
de(£.9)

CeA = / (A= 5d) = S(e-d)
de(E,3)
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Graded State and Continuation Monads

Theorem
For any parametrised monad T : E°? x E x Set — Set,
the following are graded monads for E.

TeA — / T(d.d- e, A),
d
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Graded Monads for Join Semilattices

Let (E, <) be a join semilattice. The following are
isomorphic data:

m A graded monad for (E, <, L,V)
m A functor of type (E, <) — Monad(C)
C.f. generalised monad [Fillatre '99]
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A Construction of graded monad

Can we construct graded monads from well-known
structures?

A construction of graded monads on Set from effect
observations. )

Another aspects of effects

m Effects form an ordered algebra.
m Access analysis: join semilattice with constants

rd(p), wr(p)
m Effects are abstractions of side-effects. |

We formulate these aspects of effects.
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Effect Observation

. consists of the following data:

a: T (S,0)

m (5,C) is a preordered monad over Set [K&Sato '13]
— modeling an ordered algebra of effects

m [ is a Set-monad

— modeling side-effects of a language
ma: T — Sisamonad morphism

— modeling the abstraction of side-effects
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Graded Monads from Effect Observations

From
a: T

We construct a monoid [E:

= (51, El, 1,*)

(5,5)

/ e (e)*
1=1—51 exe=1—51—-S1
and a graded monad D:

DeA = {C cTA | Q1 © TIA(C) L1 e}

TA-TA T1-%. 51
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Graded Writer Monad

From

{—}: Wr

We construct a monoid [E:

(Po Wr, Q)

E = (P(Wrl),C,1,%) = (P(X"), C, {€}, %)
and a graded monad D:

DeA = {(w,c) e " x A | {(w, %)} € e} ~ex A
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Graded Monad for Effect Analysis

Let 2 be a ranked alphabet.
E=(P(I2[+1),--)

Meaning of effects:
m {f,g,*}: May perform f, g, or return a value

m {f, g, c}: May perform f, g, or ¢ (but no return
value)

DeA = {c € TqA | ops(c) C e}

ops(c) ={o | o occurs in c} U {* | cis not closed}
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Graded Writer Monad

From
| —1: Ta (P2 +-),9)
x| ={x}, lo(tr, -, ta)|={o}Ults|U---Ulty|
We construct a monoid [E:

E = (P(|Q| +1),C,1,%)

whose multiplication is
{f.g,«}~{f,p,q,x} ={f,g,p.q,*}
and a graded monad D:
Del = {c € Tql | |c[*/i]ici| C €}
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Graded Writer Monad

From
=] Ta (P2} + =), ©)

x| ={x}, lo(tr, -, ta)|={o}Ults|U---Ulty|
We construct a monoid [E:

E = (P(|Q| +1),C,1,%)

whose multiplication is

{f.gtx{f.p,q.%} ={f g}
and a graded monad D:

Del = {c € Tql | |c[*/i]ici| C €}
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Effect System EFi

A calculus EFi for E = (E, <, 1, -) consists of:
m Types are the same as EFe.
m Implicit subeffecting rule

TEM:Ter esS e
F=M: Te'r
m Pure computation and sequential execution

r=M:r TEM:Ter Tx:7HN:Téo
[F[M]: Tlr ThHletxbeMinN:T(e-¢€)o

m Algebraic operation [c.f. Plotkin&Power| (omitted)
How do we interpret this language?
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Effect Erasure Function

We capture the following situation categorically.

The set of EFi types b| = b
| =7 = || = |7
|Ter| = T|7

The set of Ay types

Here, Ay is Moggi's computational metalanguage
(=A"+monadic types TT).

A view on EFi types
EFi types refine Ay types.

QSLC, Marseille, 1 Sep, 2016
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Categorical Semantics of EFi

. is given by the following structure:

The set of EFi types b| = b
| =7 = || = |7
|Ter| = T|7

The set of Ay types
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Categorical Semantics of EFi

. is given by the following structure:
POT b = b
-1 T 7] = |7 =7
The set of Ay, | Ter| = Ti7|

(P, T) CCC with a strong graded monad
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Categorical Semantics of EFi

. is given by the following structure:

PO bl = b
-] T=7| = |7 = |7
COT | Ter| = Ti7|

(P, T) CCC with a strong graded monad
(C, T) CCC with a strong monad
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Categorical Semantics of EFi

. is given by the following structure:

PO |b] = b
°| r=7| = |r|= |7
cOr  Terl = T

(P, T) CCC with a strong graded monad
(C, T) CCC with a strong monad
p: P — C Faithful, strictly preserving CC structure

and mapping T to T (p(TeA) = T(pA) etc.)
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Categorical Semantics of EFi

. is given by the following structure:

(P, T) CCC with a strong graded monad
(C, T) CCC with a strong monad
p: P — C Faithful, strictly preserving CC structure

and mapping T to T (p(TeA) = T(pA) etc.)

Theorem: Soundness of the semantics
[r] - m [-] P

[+ M : 7 implies |p
(M) = (7 €
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EFi Semantics by T T-Lifting

How to give a graded monad T on P?
P P: CCC
pl C: CCC, T : strong monad

p : preordered fibration with fibred meets
TCC strictly preserves CC structure

Forany R € Cand S : (E,S) — Prr, the inverse image
yields a graded monad T which is mapped to T.

T eX o = Nyee(X = Sd) = S(e-d) P

T(pX) (pX = TR) = TR C

bind
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Resolutions of Monads

An adjunction yields a monad:

C

D — (C:)ROL

A monad yields two adjunctions:

Cr
S
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Resolutions of Monads

An adjunction transports a monad:

C ]D):)T — CDROTOL

A monad yields two adjunctions:

Cr
S
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Resolutions of Graded Monads

An adjunction transports a graded monad:

C ]D)Q T-— CDRo(T—)oL(=)

A graded monad yields two adjunctions with twists:

-CC = /CQS
S

T\) s

Shin-ya Katsumata (RIMS, Kyoto University) Graded Monads QSLC, Marseille, 1 Sep, 2016 23 /2



Eilenberg-Moore Like resolution

.. of a graded monad T uses the category CT of graded
algebras of T:

A (E,S) = C, aee: Te(Ae') — A(e€).

Ae—1-T1(Ae)  Te(Te(Ae")) 1= Te(A(e'e"))

N | I

Ae T (e€’)(Ae") A(ee’e")
It comes with a twist functor S : (E, <) — [CT,CT]:

Sd(A,a) = (Ne . A(ed), Ne, € . aced)
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Eilenberg-Moore Like resolution

.. of a graded monad T uses the category CT of graded
algebras of T:

A (E,;S)—>C, ace: Te(Ae') — A(e€).

Ae_n) Tl(Ae) Te(Te’(Ae”)) Tea Te(A( ! //))

N /| I

Ae T (e€’)(Ae") A(ee’e")

It comes with a twist functor S : (E, <) — [CT,CT]:

S1=1d, S(dd')=SdoSd
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Kleisli-Like Resolution

.. of a graded monad T uses the following category C:
Object (e,A) where e c E,Ac C
Morphism The homset Cr((e, A), (¢', B)) is

dek
/ E(ed, e') x C(A, TdB)

It comes with a twist functor S : (E, ) — [Cr, Cr]

Sd(e, A) = (ed, A)
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Kleisli-Like Resolution

.. of a graded monad T uses the following category C:
Object (e,A) where e c E,Ac C
Morphism The homset Cr((e, A), (¢', B)) is

dek
/ E(ed, e') x C(A, TdB)

It comes with a twist functor S : (E, ) — [Cr, Cr]

S1=1d, S(dd')=SdoSd
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Category of Resolution of Graded Monads

Let T be an [E-graded monad on C.

Object consists of
C_1"D)s-

such that S1 = Id and S(dd’) = Sd o Sd’
Morphism Map of adjunctions and twists.

Theorem (Fujii, K, Mellies '16)

Ct and CT are initial and final in the category of
resolutions of T.
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Action of a Monoidal Category

A monoid homomorphism
f:E— (C= C,idc,0)

is nothing but a monoid action of E on C.
Its categorical analogue is a strong monoidal functor

F:E — ([C.C],1d,0).

m Called actegory (McCrudden) / E-category
(Pareigis).

m Kelly and Janelidze studies when F has a right
adjoint.
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(Op)Lax Action of a Monoidal Category

For a lax monoidal F : E — ([C,C],1d, o),
m Durov employed it as a generalisation of graded ring.
m Smirnov studies it under the name graded monad.
m It is mentioned in [Atkey '08].
m A calculus similar to EFe / EFi appears in the
APPSEM paper by Benton et al.
m Mellies studies it under the name parametric monad
/ negative E-category.
For an oplax monoidal F : E — ([C,C], 1d, o),
m See recent work on coeffects [Petricek, Orchard,
Mycroft '13], [Brunel, Gaboardi, Mazza, Zdancewic
'14], [Ghica, Smith '14] and bounded LL.
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Conclusion

m Categorical semantics of EFe / EFi using graded
monads

m A construction of graded monad from effect
observation

m A construction of graded monad for the semantics
of EFi

m Eilenberg-Moore / Kleisli resolutions of graded
monads

Thank you! |
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